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Abstract

Remora is a higher-order functional array programming lan-
guage based on the rank-polymorphic computational model
originally developed by Iverson for APL. Unlike APL, Re-
mora has a dependent type system that captures array shapes
for use by the parallelizing compiler. Given that the type sys-
tem is decidably checkable and inferrable, it inevitably must
have limits on its expressiveness. In this paper, we extend
Remora’s type system by allowing programmers to refine
array shapes with extra constraints, which are then checked
by an SMT solver. We develop the shape-refinement type
extensions for Remora; evaluate its utility for refining the
types of standard computational kernels, such as convolu-
tion, as well as total applications, such as the YOLO vision
application; and prove its type soundness.
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1 Refining Array Shape Types

Array programming languages (e.g., APL [Iverson 1962] and
later J [Hui and Iverson 1998]) have introduced a collection-
oriented programming paradigm that allows users to express
complex array computations concisely. Traditionally, these
languages are dynamically typed, and thus hard to analyze
and compile. Famously, APL sometimes needs to defer pars-
ing to runtime [Strawn 1977]. Array programming languages,
such as Futhark [Henriksen 2017] and Remora [Slepak 2020]
attempt to provide more structure to this programming par-
adigm by introducing types — and the critical element we’d
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like such type systems to capture statically is the shapes of
the arrays being processed by the program.

The main trade-off then becomes expressivity versus de-
cidability. A more feature-rich type system is harder to type
check, sometimes running into undecidability, and even
harder to do type inference in a decidable manner. Remora,
for example, has a type system permitting both decidable
inference and checking; but decidability comes at the cost of
expressivity—the only operations allowed at the type level
are dimension addition and shape concatenation. Futhark,
by contrast, allows dimensions to be arbitrary integer-typed
expressions, only doing static checking in some cases [Hen-
riksen and Elsman 2021].

One of the unique features of Remora is the ability to use
and reason about shapes and shape variables. But decidability
of such system comes at an expressivity cost. There are many
functions, both in Remora’s standard library and real-world
applications, where the programmer knows constraints on
argument and result shapes that cannot be expressed in the
type system. For example, consider a convolution function
that takes in two arguments: an n-dimensional input array
of data, and a filter or kernel array of weights specifying the
convolution. The input array, the filter array, and the result
array must all have the same rank, i.e., dimensionality — this
is not too difficult to express in a type system. However, we’d
also like to say that each dimension of the output array is
given by subtracting the corresponding dimensions of the
filter array from the dimension of the data array. That is,
the shape of the result array is found by subtracting the
shape of the filter array from the shape of the data array, in
a point-wise fashion.

As another example, Remora provides a primitive function,
indices-of, which operates on an array of any shape. Given,
say, a 3 X 5 matrix, it produces a 3 X 5 X 2 array, which can
be viewed as a 3 X 5 matrix of the valid row/column index
vectors. The last dimension of the result is the rank of the
input shape — a fact we cannot express in the current Remora
type system.

These extra properties cannot be expressed in Remora
directly. Two of them would have to be abstracted using an
existential type for indices, which is simply a (soundness-
preserving) loophole in the type system permitting array
shape information to be deferred to run time — which is a
barrier to the compiler’s ability to parallelize the code.

Our solution comes in the form of refinement types for
the shape language. Refinement types extend the language
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by annotating types with predicates in a given logical theory.
Traditionally, the choice of the logical theory is restricted
to decidable ones. For example, LiquidHaskell [Vazou et al.
2014b] uses QF_EUFLIA. However, due to the lack of expres-
sivity, we instead use an undecidable theory for both the
refinements and the index language itself, namely QF_ENIA.
It is expressive enough for all of the examples mentioned
earlier, and terminates on all of the test programs we type
checked.

The main contribution of the paper is the formalized se-
mantics of refinements over indices (Section 4). Section 4.1
presents Refined Remora’s type system, including a subkind-
ing relation (Section 4.2), an extension to the shape equality
checker (Section 4.3), and the lifting of operations point-
wise over shapes (Section 4.4). The minor contribution of the
paper is an implementation of the type checker in Haskell
(Section 5). Evaluation of the implementation is in Section 6.

2 Background
2.1 Remora Tutorial

The core computational model in Remora comes from Iver-
son’s rank-polymorphic “lifting” computational paradigm.
This mechanism has some similarities to broadcasting in
NumPy and PyTorch, but unlike these systems, it is not pro-
vided on a per-function basis. Instead, it is a general mech-
anism that is available at every function call, and it is the
core source of Remora’s parallel semantics. Remora’s static
and dynamic semantics are designed and built around this
shape-based structure.

In rank-polymorphic languages, every parameter to a func-
tion has a base rank, or dimensionality. For example, a dot-
product function expects vectors (rank 1), while the sine
function expects a scalar value (that is, an array of rank 0).
Any function that has been defined to operate on an array of
rank r, is polymorphically lifted also to operate on argument
arrays of rank ’ > r. In essence, the extra r’ — r leading
dimensions of the actual argument provide the “iteration
space” for independent applications of the function. Thus, if
we apply a vector-magnitude function, which expects inputs
of rank 1, to a rank-3 array of shape 7 X 2 x 4, it will be lifted
to apply to a 7 X 2 “frame” of 14 independent 4-vector inputs
(or “cells”), collecting the answers into a 7 X 2 matrix for a
result.

For example, consider the function add1, which takes a
scalar (an array with empty shape i.e., a single value) and
adds 1 to it. The expression [1 2 3] is a syntactic shorthand
for writing array literals, in this case (array (3) 1 2 3).
This example constructs a 3-long vector. The first set of
parenthesis describe the shape of the array, followed by a
sequence of atoms. If at any point an atomic element appears
in an array context, it is implicitly wrapped: 5 is transformed
into (array () 5).
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add1: A int [1 -> A int []
> (add1 5) ; scalar

6
> (add1 [1 2 3]) ; 3-long vector
[2 3 4]

> (add1 [[4 5] [8 911) ; 2x2 matrix
L5 61 [9 1011

Lifting works for any rank. Take the sum function that
sums a 1-d array of numbers. It can be lifted to work over
any n-d array as long as n is at least 1:

sum, prod: A int [d] -> A int []

> (sum [1 2 5])

8

> (sum [[3 5] [8 2] [4 7] [3 2]D)

; —> (frame (4) (sum [3 5]) (sum [8 21)
; (sum [4 71) (sum [3 21))
[8 10 11 5]

The general principle is that the argument is split into a
frame and a cell. The cell is exactly the rank of the function
parameter’s shape (a scalar for add1, a vector for sum), while
the frame is the rest of the shape. In the add1 example, the
cell is always [] and the frame is [1, [3], [2 2] respectively.
For the sum example, the cell is [3], [2] and the frame is [],
[4] respectively. How does this principle scale to multiple
arguments? The expression in the function position is also
an array. Function array carries principal frame information
between arguments. For clarity, in the future examples we
will elide the scalar array type around functions.

add: A int [] —>
A (A int [] -> A int []) []
> ((add 3) 5)

8
> ((add 2) [1 2 31)
[3 4 5]

When the shape of the function array and the frame of
the argument are the same, stepping and type checking is
straightforward. When they differ, one of them has to be
replicated, so that the frames match, then split into scalar
applications. Section 4.1 and Figure 6 explains this process
in detail.

> ([sum prod] [[[1 5 4] [8 4 7] [2 3 5]1]
[[243][512](34111D
[[10 19 10] [24 10 12]]

The first snippet is computed as follows: [2] is the shape
of function array, [2 3] is the frame of the argument, [2
3] is the principal frame, so each function gets replicated to
shape [3] from shape []. Then the inputs are split such that
each function is applied to an array of size [3]. Each scalar
application is computed, and the results are combined. Here
is how the earlier example of [sum prod] would step:

More intuitions and examples of this mechanism at work
can be found in the Remora tutorial [Shivers et al. 2020].
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([Lsum sum sum] [prod prod prodl]
[[[154][847]1[235]]
[[2431[512]11[341]1D

->

(frame (2 3)
(sum [1 5 4]) (sum [8 4 7]1) (sum [2 3 5])
(prod [2 4 3]1) (prod [5 1 2]) (prod [3 4 1]))

->%

(array (2 3) 10 19 10 24 10 12)

Figure 1. Reduction sequence example.

2.2 Refinement Types

Refinement types are an extension of a type system that
allow specifying a subset of values from a given type using
a predicate. For example,

x:{v:int]|0 < v}

specifies that x is a variable that represents a natural number,
i.e., a refinement on the integer type. The language of pred-
icates is usually restricted to be decidable, so that the type
checker can always accept or reject a program, but never
diverge or not give an answer. Traditionally, refinement type
systems also allow for a restricted form of dependent types,
where predicates can depend on other in-scope, zero-order
variables (i.e., not functions). For example, in LiquidHaskell
type for + (specialized to integers) is: x: Int -> y:Int —>
{v:Int | v = x + y}. To make the notation more con-
cise, when we write Int in a context where a refined type is
expected, we mean {v:Int | True}.

3 Why Refinement Types?

Remora’s design is centered on the task of providing a static
type system that captures shape information in the con-
text of its rank-polymorphic dynamic semantics. But the
inevitable consequence of a decidable type system is lim-
its on expressiveness. As a first example, take the append5
program (Figure 2) from Slepak’s dissertation [Slepak 2020].
While contrived, it demonstrates how even a simple program
can exceed the limits of expressivity in the original restricted
system:

(define (append5 [a 1] [b 11)
(+ [12345]
(append a b)))

Figure 2. Code for append5 function.

The 1 annotations on the [a 1] and [b 1] parameters
specify that the function takes two vector arguments (i.e.,
of rank 1). In order for this function to run successfully, the
append operation must produce a result of length 5 (to match
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up with the first, five-element argument of the addition func-
tion). But Remora’s type system does not let us specify that
the lengths of the a and b arguments sum to 5.

This example was presented in the dissertation to demon-
strate the absence of principal types, but there is no way to
express the type of this function in statically typed Remora
since there is no way to make the size of b dependent on
size of a and restrict the size of a to be less than or equal to
5.

To do this, we can extend the type system, allowing us to
refine the inputs to require this extra precondition. The type
for the refined version of the append5 function is shown
in Figure 3. We abandon the language’s actual s-expression
notation when showing these types in favor of more conven-
tional notation, for ease of presentation. In the given type,
IT is the type constructor for functions that abstract over
shape and dimension indices, while A is the type constructor
that constructs an array type from an element type (e.g., int)
and an array shape. Dimension m is less than or equal to 5,

append5 :
II(m:: {d:: Dim | d <= 5}).
II(n :: {d :: Dim | d + m = 5}).

A int (Shape m) ->
A int (Shape n) ->
A int (Shape 5)

Figure 3. Type of the refined append5.

and n is the difference between m and 5. There is now an
extra equality in the type system: m + n = 5. This equality
allows the type checker to verify the function statically. Note
that, just as in traditional presentations of refinement types,
refinement of n can depend on the earlier argument, m.

For a more real-world example, consider a strided, two-
dimensional convolution, as is frequently used in neural
networks. Inputs for our function are an image matrix, and
a (smaller) filter matrix, along with a pad and a stride di-
mension. The function pads the image on all four sides with
zeroes (increasing both its height and width by twice the pad
amount), takes filter-sized windows of the padded image,
stepping the windows by the requested stride amount, and
calculates the weighted sum of each window according to
the weights given by the filter matrix. In our type for this
function, n provides the height and width of the image, and
k likewise gives the size of the filter matrix, Here is a first
attempt at giving a type for a convolution with no padding
and a stride of 1:

convolution :
II (n :: Dim).
II(k :: Dim).

A f32 (Shape n n) ->
A f32 (Shape k k) ->
A 32 77
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One problem is that the dimension of the image array is
not restricted to be at least the size of filter array’s dimension.
A more significant issue is that the type system does not
allow expressing the shape of the output array: its height
and width are both n — k + 1, but subtraction is not part of
the type system’s index language.

The type is still possible to express, though it is unnatural
in a sense that the difference in dimensions is passed instead
of the dimensions themselves. This version has fixed both
issues:

convolution :
II (n-k :: Dim).
II(k :: Dim).

A f32 (Shape (n-k + k) (n-k + k)) ->
A 32 (Shape k k)
A 32 (Shape (n-k + 1) (n-k + 1))

The type system does allow us to add dimensions, so we can
parameterize the type over dimension identifier n-k, denot-
ing the difference, which we can then add to k everywhere
we need to describe a dimension of the image array. This
can be done, but it is awkward to torque our abstractions to
fit the limitations of the index language. The more serious
problem is that this type propagates the pattern of passing
differences all the way up to the top-level of the program
(this point is further explored in Section 6).

Adding padding is not a problem, since it is just addition.
At this point, for the sake of clarity and brevity, we will
combine multiple IT declarations into one, as seen in the next
code snippet. The padding amount is denoted by dimension
variable p, giving us the type

convolution :
II (n-k :: Dim, k :: Dim, p :: Dim)
A 32 (Shape (n-k + k) (n-k + k)) ->
A f32 (Shape k k) ->
A f32 (Shape (n-k + p + p + 1)
(n-k + p+p+1))

However, there is no way to add stride, as derived di-
mensional calculations using the stride involve either mul-
tiplication or division, which is not supported by Remora’s
dependent types. The output-size formula with padding and
stride (variable st)is ((n+ 2+ p —k)/st) + 1.

However, we can express all of these constraints using
refinements on dimension and shape indices:

convolution :
II(p :: Dim, @n :: Shp, st :: {d :: Dim | @ < d},
@k :: {@s :: Shp | (rank @n) = (rank @s)

A @s <=@n + p + p})
A f32 @n -> A f32 @k —>
Af32 (1 + (@ -@k +p+p) / st)

Figure 4. Type of the refined convolution.
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(In this dependent type, we use the convention that shape
parameters, representing sequences of dimensions, are writ-
ten with an @ prefix, e.g., the shape of the image array is
@n.) This refined type requires that (1) the stride st must be
positive; (2) the rank of the two arrays must match; and (3)
the shape @k of the filter array must be at most the size of the
padded input array (i.e., @ + p + p). Without constraint #3,
the size calculation for the shape of the result array would
perform a divide-by-zero. Note that the relations and opera-
tions we use in the static shape refinements are expressed
in a “lifted” notation not unlike the lifted computation Re-
mora’s dynamic value language provides: when we write
@n + p + p, the single dimension p is point-wise added to ev-
ery dimension in shape @n, twice; similarly, the dimensional
relation <= is lifted to point-wise comparison across the two
shapes in the third line of the type. Note that this type is
polymorphic across convolutions of any rank, not just two-
dimensional matrices, and the notation doesn’t require the
device of passing around differences.

As another motivating example, consider the following
program written in original Remora. M has type (A int [r
c]) for some dimensions r and c. The inner application
of reduce is an index application, followed by a regular
application. For clarity, we will also write (f a b) to mean
((f a) b), for both regular and index applications.

flatten : II (r :: Dim, c :: Dim).
At [rcl]-—->
(2 (a :: Dim) . A t [al)

M: Aint [r c]

max : A int [] -> A int [] -> A int []

(unbox (a x ((flatten r c) M))
((reduce ???) max x))

Since original Remora does not have multiplication at the
type level, this requires an existential ¥ type. An existential
type provides an abstract way to work with dimensions if
they cannot be determined statically. unbox takes the result
of flattening and binds the abstract dimension a to dimen-
sion a, value inside of type (A t [al) to x. The problem is
that there is no way to write down that reduce because it re-
quires input of size d + 1 where d is the index parameter. The
subtraction trick no longer works since that would require
modifying or making a wrapper around existing standard
library function. There is a solution that does not involve
modifying standard library: appending the identity element
to make the size a + 1. That does not always work since
reduce only assumes associative operator, but not necessar-
ily commutative or one that has an identity element, such
as max or min. Another option would be to add a version of
flatten that takes in and returns non-empty arrays. Refine-
ments make this a lot cleaner, since it’s possible to remove
the existential types entirely.

A(r:: {d::Dim|] 0 <d 3,
c::{d::Dim | 0 <d 3}
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a € IVar (index variables)
x € Var (variables)
kB := Shp | Dim (kinds)
k o= {v=kB|p} (refined kinds)
p u=true | pAp | pVp | iRy (predicates)
§ ==neN|a|dopd (dimensions)
o = (Shpd...)|a|o++to|oop: (shapes)
| topo
1 =00 (indices)
b u=1int | f32 (base types)
Tat “= b | Tarr = Tarr | D k. 1oy (atomic types)
Tarr = ATy O (array types)
a '=z€Z | Ax:tgyr.e| Ada k. e (atoms)
v = (array(n..)a...) (values)
e =ou| (frame (n..)e...) | x| ee| et (terms)
I == |T,x: 14 (term context)
I = |La=k (index context)
E =0 (evaluation contexts)

| (frame (n..)v ... Ee...) | Ee | vE | Eu

Figure 5. Refined Remora Grammar.

A M : (Aint [r c]))
((reduce (r * c)) max (flatten M))
Since we declared r and c to be greater than zero, the
SMT solver can deduce that their product is positive, and
therefore the call to reduce is safe.

4 Semantics of Refined Remora
4.1 Type System

To simplify and focus the presentation, we drop some extra-
neous elements of the language that are not central to the
issues of this work from the theoretical portion. In particular,
we eliminate index existential and universal types, and we
assume that functions have a single parameter and index
operations are binary.!

This section contains detailed explanations of the typing
judgements in order to provide more intuition for how the
system works and where the refinements come into play.

E-ARR is the introduction form for arrays. The shape of
the array is described by a sequence of natural numbers (note
that variables and operations are not allowed), and the num-
ber of atoms needs to be equal to the product of the natural
numbers. The array form is always a value — a constant
array whose elements are either numbers or lambdas. The
elements of the frame form are all expressions producing
arrays of identical shape; after stepping each expression to a

ISince Remora is a higher-order language, multi-parameter functions can be
encoded simply by currying them; the principal-frame negotiation between
the function-position array and the argument-expression array translates
to this setting with no problems.
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Vie{l...m}.I;Iva;:7 m=1I(n...)
E-ARrR
I;I+ (array(n...)ay...am): A7 (Shpn...)
Ix:tgyrlbe:t
ar ar ; A-Fun
LI F Ax : Tarr - €2 (Tarr = Topy)
[ilre :A(AT 00 > ATy 0) Of
T;1+e: At (0, ++07)
o, =00 I+ oy =0
Ld ¢ f ! ! E-Aprp
I;Ike et Ay (Up++0')
iLaczkbFe: g,
A-IFun
TiirAdack.e:MMa:=k. g,
ilre:A(Ilazk.ATo) oy
IrFik L;I-k <k
E-IArp

Lilrer:At[i/al (of ++o[i/a])
Figure 6. Selected Refined Remora Typing Judgements.

value, the arrays are “plugged into” the given frame shape
to produce the form’s result. The array and frame forms
require the type to be the same for all atoms or expressions
respectively, which might include IT types, meaning no vari-
ance on refinements.’

A-FuN is a standard typing judgement for functions. The
only detail of note is that input and output types have to
be array types since all expressions, and therefore variables,
are arrays. The elimination form, E-App is where the lifting
actually happens. Figure 1 shows an example of how type
checking happens. We type check the function expression to
be an array of shape oy of functions A 7; 0 — A 7, 03, and
the argument expression to have type A 7y (o, ++07). For the
example, sum is a scalar (rank 0 / empty shape) array whose
sole element is a function of type (A int [3]) -> (A int
[1), while the argument has type (A int [2 3 3]) We must
then check the equality of oy and o]. This is one of the places
where refinements come into play, as the SMT solver uses
the constraints to check equality of shapes (Section 4.3). This
means that the argument needs to be at least the shape of
the parameter. The principal frame is constructed by joining
the two frames 0, = o7 Ul 0,. The join relation chooses the
longest common prefix, and it can be undefined: [2] and
[3] do not have a common prefix. The principal frame is the
maximal way to lift a given function application, such that
each cell has a scalar function and the input array matches

There is an alternative version of the system that uses type joins (T; I +
a; : 7; and then 7 = U; (7;) instead of T; I + a; : 7). The join would A all the
predicates from all functions in the array. This system seems sound, but we
did not deem it worth the extra complexity.
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i = TOSMTEnv(I, v :: k)

ps = ToSMTPred(i, p) qs = ToSMTPred(i, q)
SMT-Query(i, ps = qs)

B B SusB-SMT
It{o:=k"|p} < {o=k"]|q}
Figure 7. Subkinding Relation
i = ToSMTEnv(I, v :: kB)
(x,p) = ToSMT(i,11)  (y,q) = ToSMT(i, 12)
X ¥ SMT-Query(i,p ANqg = x =
4 y(bprg y) SMT-Ipx-Eg

Iy =1

Figure 8. Index Equality.

exactly what the function expects. This is the essence of rank
polymorphism [Slepak 2020]. In the example, o7 is empty,
04 is [2 31, the prefix part of argument shape. Therefore,
the principal shape is [2 3]. The result shape is constructed
by appending the principal frame to the output type of the
function. In the example, that would be (A int [2 31).

A-IFuN is once again a function type that looks standard,
similar to how universal quantification types are presented.
E-IAPp is where refinements actually come into play and
are checked. We type check the expression e to be an array
of shape of of II functions, and the index ! to have kind
{w :: k" | q¢}. We then check that the argument’s kind is a
subkind of the function’s parameter. The subkinding relation
is explained in Section 4.2. Afterwards, we substitute ; for
a where it is bound: in 7 and ¢ but not o¢. Since the shape
of the function array is oy, that is what defines a principal
frame for the index application.

4.2 Subkinding Relation

The subkinding relation can be found in Figure 7: the relation
uses a standard technique for subtyping of refinement types:
checking if the first predicate implies the second one [Jhala
and Vazou 2020, p.12]. We use an SMT solver to check if
the implication holds. The important part is to use the same
environment to turn both syntactic predicates (p and g) into
SMT formulae to ensure that the resulting formula is correct.

4.3 Index Equality

Index equality (more specifically, shape equality) lies at the
core of the type-checking algorithm in the application case.
The rule itself looks simple: construct a substitution for the
index environment, convert each index into a pair of a sym-
bolic value and a formula, and then check if the two values
are equal under the two formulae.
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To give an idea of how this works, consider the append5
function in Figure 2, more specifically the shape check on
the + application (m and n are dimensions of a and b).

[12345]:Aint (Shp5)

(append a b) : Aint (Shp (m+n))
m:={d :: Dim | d <= 5}
n:{d :: Dim | d + m = 5}

First, construct a substitution. A substitution maps names
in the source language to a pair of a symbolic value and a
formula representing all the associated constraints. To do
that for mand n, first instantiate m. Let x be the generated SMT
variable. Then evaluate the right-hand side, with d mapped to
x. The resulting formula is x <= 5. Do the same process for n,
but with x’s substituted for m. Let y be the generated variable
for n. The formula would be y + x = 5. Now, the substitution
is complete: [m - (x, x <= 5),n — (y, y + x = 5)].

The next step is the equality check. Since the shapes on
both sides are singletons, the only proof obligation is to show
m + n = 5. Evaluate both sides to SMT expressions, along
with the formulas that were computed earlier. 5 will evaluate
to (5, T).m + nwill evaluate to (x+y,x < 5Ay+x =5). The
evaluator itself is simple: (1) for each variable return the right-
hand side of the substitution, (2) for each constant return
that constant and T (for truth), and (3) for any expression
return SMT version of the operator applied to evaluated
arguments and combine all the formulas with &&. The last
step is to check using SMT whether the conjunction of two
formulas implies equality. For this example, the formula is
(x £5Ay+x=5) = x+y =5.There are also some
constraints, namely x >= 0 && y >= 0, but they were elided
for brevity (but that is the reason for the d <= 5 constraint
for m). The SMT solver will return True on that formula.

4.4 Shape Operation Lifting

This work extends the set of possible computations on in-
dices. First, the type system now allows extra operations like
multiplication, division, subtraction and so on. They allow
user to type check more programs that required an existen-
tial type before since actual dimension was not expressible.
The need for an existential type comes from the fact that
there are indices that are not expressible, so they are treated
in an abstract way. We also added the rank operator that
returns the length of the shape as a dimension.

The more interesting feature is operation lifting. In the
original Remora semantics the only allowed arithmetic op-
eration was additions on dimensions. In practice, there are
often times when it’s beneficial to either operate on shapes
point-wise (e.g., @img+@w from convolution) or lift operation
to work on dimensions and shapes at the same time (e.g.,
@img + p + p). Remora makes this kind of lifting ergonomic,
so Remora itself was the source for the semantics of operator
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Figure 9. Kinding Relation.

lifting at the index level. The “arrays” of this shape language
are dimensions and shapes. Kinds serve as “types” of this
shape language: the dimension kind is a scalar natural num-
ber, the shape kind is a vector of natural numbers. Figure 9
showecases this: if an operation’s arguments are all dimen-
sions, the kind of the result is a dimension, but if there is at
least one shape, then the kind of the result is a shape. All op-
erations (except rank) operate on scalars, so type checking
is simple: only the equality of lengths of vectors (i.e., ranks)
needs to be checked.

4.5 Conversion to SMT

The functions that convert Remora indices to SMT are in
Figure 10.

An important part of the conversion is the encoding of
types. Since, dimensions cannot be negative, the obvious
choice is natural numbers. We assume this for the theoretical
version of the conversion, although the intermediate results
can be negative. Then the shapes becomes lists (or sequences)
of natural numbers.

ToSMTEnv function creates an environment, which maps
Remora variables to a pair of an SMT literal and the associ-
ated constraint. There is one interesting detail here: since
the refinement of an index can depend on other in-scope
indices, this needs to be done in the right order. Typing judge-
ments introduce variables in a correct order, but a practical
implementation will need to construct an ordering for the
traversal.

ToSMT function takes in an index substitution map and an
index and produces a tuple of an SMT value representing that
index and an SMT formula describing all constraints associ-
ated with it. For example, if we have i = [a - (x, x <= 5),b
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ToSMT(i, n) = (n, True)
ToSMT(i, iv) = i(iv)
ToSMT(i, (Shp §...)) = (SMT-List(sd), SMT-All(sc))
where (sd,sc) ... = ToSMT(i,d) ...
ToSMT(i, s; ++s2) = (SMT-Concat(sl1, sl2), cr)
where (slj, scj) = ToSMT(i, s;)
cr =scl && sc2
ToSMT (i, 81 op 8;) = (dr,sc1 && sc2)
where (sdj, scj) = ToOSMT(i, §;)
dr = sd1 ToSMT(op) sd2
ToSMT(i, o op &) = (sr, scl && scd)
where (sl, scl) = ToSMT(i, o)
(sd, scd) = ToSMT(i, 6)
sr = SMT-Map((ToSMT(op) sd), sl)
ToSMT(i, o1 op 02) = (sr,scl1 && scl2 && sclen)
where (sl1,scl1) = ToSMT(i, 01)
(sl2,scl2) = ToOSMT(i, 03)
sclen = SMT-Length(sl1) = SMT-Length(s|2)
sr = SMT-Map2(ToSMT(op), sl1, sl2)

ToSMTEnv(+) =[]
ToSMTEnv(L x :: {0 = kKB|p}) =

i[x — (y : TOSMTK(kB),

ToSMTPred(i[v — (y, True)], p))]

where i = TOSMTEnv(I), y fresh in i
ToSMTPred(i, True) = True
ToSMTPred(i, p)
&& ToSMTPred(i, q)
ToSMTPred(i, 11 R1z) = p1 && p2 && (x ToSMTOp(R) y)

where (x,p1) = ToSMT(i, 11)

(y, p2) = ToOSMT(i, 1)

ToSMTPred(i,p A q) =

Figure 10. Conversions to SMT values.

(y, y >= 6)], calling ToSMT(i, (Shp a b)) will return (SMT-
List(x, y), x <= 5 && y >= 6) and the constraints that are
needed by the SMT solver to represent the list. The inter-
esting case here is operations over shapes. For the case of a
shape and a dimension, partially apply the operator to the
dimension, and map the resulting function over the shape.
For the case of two shapes, use the operator as the function
for map2, which takes two lists and applies the function to
the corresponding elements, and check that the two shapes
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Figure 11. Selected operational semantics rules.

have the same length. TOSMTPred is very similar, but it re-
turns a formula instead of a tuple. The interesting case is
the comparison (with R being the comparison operator). The
result of interpreting equality of 1; and 15 is p1 && p2 && x
==y where (x, p1) and (y, p2) are the results of converting the
corresponding indices. For shapes, the comparison involves
checking that the length are equal and that all elements are
equal point-wise.

SMT-Query is a function that takes in a substitution and
an SMT formula, and checks whether that formula holds.
The substitution provides all the names and types that the
formula has as free variables. This paper does not contain a
definition for this function, as it is meant to be an abstract
way to call SMT solver.

4.6 Operational Semantics

Figure 11 presents the operational semantics for lifting a
function call in Remora. The reduction rules for the index
lambdas are not in the figure since they are exactly the same
as the first two rules for regular lambda (since indices cannot
be combined into an array), and therefore the only source of
lifting is the expression in the function position.

Note that type annotations are required for the reduction
relation. Without types, there is no indication of what the
function expects, and therefore there is no way to compute
the principal frame of the application. Even dynamically
typed Remora requires rank annotations on functions.

The first rule (f) is similar to a regular application, except
that the lambda is a scalar array. If there is nothing to lift
over (i.e., the argument is the expected shape and function
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array is a scalar), then the only thing left to do is to substitute
the argument for the variable x.

The next rule (fs) is responsible for splitting functions and
arguments into a frame of independent applications. This can
only happen if the frame (over the cells) of the argument and
the function are the same (i.e., the principal frame). Split,
while missing a formal definition, returns a list of length
product(7) whose elements are o-sized chunks of input.

The last rule (fr) is the replication step. It works as follows:

1. Find the principal frame

2. Replicate each function and each argument cell to the
principal frame.

3. Put them back into the array forms, so that Split can
make them into a frame of applications.

In general an application steps as follows: first replicate, then
split, run each scalar application, and combine the results.

4.7 Type Soundness

Type soundness of this system holds via a progress and
preservation proof.

Lemma 4.1 (Progress). IfT';1+ e :  then either e is a value
or3de’.e — ¢

Lemma 4.2 (Preservation). IfT;IFe: 7 ande — ¢, then
T;Ire 1.

This paper does not contain full proofs of these lemmas,
because the operational semantics are the same as those in
the original Remora, and there is only one lemma that would
need to change: index substitution.

Lemma 4.3 (Index Substitution). IfT;L,a =k, L +e:7,I; F
1 k' k" <:k, thenT[i/a]; 1, L[i/a] + e[t/a] : T[i/a].

Proof sketch. By K-SuBsuME rule for the kinds and the
premises, I + 1 :: k. Therefore, after the substitution, all the
generated formulae are the same, and therefore, the typing
derivation tree stays the same. O

4.8 Decidability

The current type system as presented is undecidable in gen-
eral. The logical theory of the predicate language is QF_ENIA
plus a restricted version of the Theory of Sequences, where
indexing into sequences is disallowed in the source language.
On the other hand, this logic is intended to let program-
mers express properties about the shape of their data, not
the actual element values themselves. In typical array codes,
these shapes tend to be reasonably simple, to the odds that a
theorem prover can successfully discharge proof obligations
without user input are good.

There are a couple of other possible options to resolve this
issue if timeouts do occur in practice. One of them would be
to allow a special annotation to guard an assertion with a
run-time check, allowing the compiler to assume the guard
holds in downstream code. Since these checks must be done
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on a per-aggregate (that is, per-array) basis, rather than a per-
element basis, the constant-time cost of the run-time check
is amortized over the processing of all of the aggregate’s
items. We hope to explore this possibility in future work.

Another approach would be a system similar to the Proof
part of LiquidHaskell [Vazou et al. 2018] or TP part of sbv, i.e.,
SMT-assisted theorem proving. This would eliminate all run-
time checks, but comes at a cost of doing proof engineering
beforehand. This also requires a lot of engineering effort to
make such tool both usable and correct.

4.9 Refinement Erasure

The definition of erasure is: if a program type checks at a
refinement type, then the erased program will type check at
the erased type (for simplicity, erasure replaces all the predi-
cates with True). Formally, if I'; I + e : 7, then erase(T;I) +
erase(e) : erase(r). This kind of property is expected to hold
in this type system (since it holds in traditional refinement
type systems). But, it does not hold for a peculiar reason. To
see why that is, examine all the typing judgements that in-
volve working with indices, E-IApp and E-App. In the former,
subkinding is the only check that involves refinements. Since
all predicates in the program became true, the implication is
always true, and therefore the typing judgement still holds.
The latter is the interesting case. The important check is the
equality of the function parameter shape and the non-frame
part of the argument’s shape. The problem arises because the
SMT solver checks equality, and it uses equalities from the
constraints that are gone after erasure. To illustrate this, look
at the append5 functions in Figure 3. In the original type
system, we can never deduce m+ n = 5. In the refined type
system, if m < 5;m+n =5,thenm+n=5andm > 0,n > 0.
Erasing predicates removes these equalities, and therefore
might make the program not well-typed. This does not arise
in traditional type system since they do not check equality
of expressions, or indices in Remora’s case.

5 Implementation

This type checker is implemented in Haskell, using the sbv
library to interface with the SMT solver, Z3 in our case. The
entire implementation is about 600 lines of code, which fol-
low the semantic definitions closely. The implementation is
available at https://github.com/matviichukv/refined-remora-
haskell/. The two important parts of this code base are the
subkind relation and the equality relation.

An essential part of the implementation is the environ-
ment structure. In this implementation, the environment is
represented as a record of 4 fields: term, corresponding to I';
idx, corresponding to I; and symDim and symShp, mapping
names to symbolic representations of dimensions and shapes
respectively. The representation is a tuple of a symbolic vari-
able, and a symbolic formula, representing the constraint
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associated with that value. For example, m :: {v :: Dim|v = 5},
would have the following entry in symDim: m — (d, d = 5).

5.1 Theory of Sequences

Dimensions are interpreted as symbolic integers with a con-
straint that they have to be non-negative (i.e., a natural num-
ber). Shapes are more complicated to deal with. Rosette [Tor-
lak and Bodik 2014] and Grisette [Lu and Bodik 2023] do
not allow constructing lists of some indeterminate length n.
The usual approach would be to construct lists of all possible
lengths up to some bound, so that the program is terminat-
ing. Shape variables in II require lists of symbolic length to
be properly represented, so a more expressive embedding is
required.

The answer comes in the form of the theory of sequences.
The sbv library has bindings to use the theory of sequences
in Z3. The theory of sequences provides a type in Z3, namely
(Seq t), along with operations on them (length, nth, etc.),
and comes bundled with decision procedures to prove propo-
sitions involving them. The rest of the implementation fol-
lows the definitions in Figure 10.

5.2 Error Reporting

Since all the checks are independent of each other, and in-
stantiations are done on a per-check basis, we can report
errors in type checking in a modular way. Also, because it is
expressed as a satisfiability problem to SMT, if a given call
does not type check, Z3 provides a counter-example which
should guide the user as to which constraints are missing or
are contradictory. We implemented this in the type checker.
As an example, consider the following call from a convolu-
tion implementation:

windows:
II (én :: Shp,
@w :: {@s :: Shp | (@s <= @n) A
(rank @s) = (rank @n) 3},
st :: {d :: Dim | @ < d})
[t @] -> [t ((1+ ((en - @w) / st)) ++ @k)]

((windows (+ @n p p) @k st) ...)

Assume that the constrainton st, @ < d, was replaced with
True. The type checker would provide the following counter-
example (with 3 lines of output removed) and an expression
where the check failed (since we did not do source location
tracking for the prototype). From there figuring out what
went wrong in the type checking process is straightforward:
since windows divides by st, evaluating the counter-example
results in a divide-by-zero.

(IApp (IApp (IApp windows (@n + p + p)) @w) st)
Falsifiable. Counter-example:
"p" = 0 :: Integer
"st" = @ :: Integer


https://github.com/matviichukv/refined-remora-haskell/
https://github.com/matviichukv/refined-remora-haskell/
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s"img" [1 :: [Integer]
s"w" [1 :: [Integer]

6 Evaluation

We annotated Remora’s standard library, various utility func-
tions and a real-world application (at a per-kernel level),
YOLOV1 (convolutional neural network) with refinements.
The main evaluation criterion is whether we can type check
the refined versions of the functions without SMT timing
out or using existential types.

6.1 Standard Library

Many functions in Remora’s standard library have uner-
gonomic types. A common issue is the pattern of encoding
the requirement that an array have a non-zero dimension by
abstracting the dimension with some index d, and then using
d+1 in the shape of the array. Functions head, tail, reduce
and others all use this pattern. Consider a function that does
matrix multiplication as an example. For clarity, we will add
more code conventions. [t d1 d2] means A t (Shp d1 d2).
Dimension variables are quantified implicitly by default. The
type after all the arguments is the return type of the function.

(define (mm (M [f32 m n])
(N [f32 n ol))

[f32 m o]

((lift-dot n o) M N))

Next, define a helper function that takes the dot product
of one row of M with the columns of N.

(define (lift-dot (v [f32 nl)
(N [f32 n 0]))

[f32 o])

((dot n) v (transpose N)))

Lastly, implement function dot that takes the dot product.

(define (dot (v [f32 n])
(w [f32 nl))
[f32 [D)

((reduce ???) + (x v w)))

The problem arises from the type of reduce. It accepts
a dimension d, and an array of size (+ d 1). But the only
dimension variable available is m and there is no subtraction
operator in original Remora. So the only solution is to replace
dimension m with index m-1, then specifying inputs to be
of size (+ m-1 1). In this specific case, we could append @
to the start, or use a different version of reduce, one that
accepts an initial element, but that is not always possible.
For example, functions max and min do not have an identity
element.

(define (dot (v [f32 (+ 1 n-1)1)
(w [f32 (+ 1 n-1)1))
[f32])
((reduce n-1) + (*x v w)))
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The real problem comes from the fact that this pattern
propagates: 1ift-dot needs to pass m-1, so it has to do the
same trick. This pattern then repeats all the way up to the
top level:

(define (lift-dot (v [f32 (+ n-1 1)
(M [f32 (+ n-1 1) o))
[f32 o])
((dot n-1) v (transpose M)))

(define (mm (A [f32 m (+ n-1 1)])
(B [f32 (+ n-1 1) ol))
[f32 m o]

((lift-dot n-1 o) A B))

Using refinement shapes gets around this problem by di-
rectly constraining the dimension be greater than zero.
reduce: IT(r :: {d :: Dim | d > @}, @s :: Shp)

([t @s] -> [t @s] -> [t es]) ->
[t r @s] -> [t es]

A similar propagation happens here, where each m param-
eter now needs a greater-than-zero constraint. This still has
benefits over the original pattern: (1) the constraint is speci-
fied once per argument, (2) the constraints can sometimes
combine, such as (1 < d) A (2 < d) is just 2 < d, and (3)
input shapes are just minstead of (m-1 + 1) which we argue
is the more natural way to write this down.

Figure 12 shows the refined matrix multiplication imple-
mentation.

(define (matmul ((m Dim) (o Dim)
(n{d::Dim | (<0 d) }))
(M [f32 m n])
(N [f32 n 01)))
[f32 m o]
((lift-dot n 0) M N))))

(define (lift-dot ((n { d ::
(o Dim))
((v [f32 nD)
(N [f32 n oD)))
[f32 o]
((dot n) v ((transpose n o) M)))

Dim | (<@ d) })

(define (dot ((n { d :: Dim | (<@ d) }))
((v [f32 nD)
(w [f32 n])))
[f32]
((reduce n) + (* v w)))

Figure 12. Code for refined matrix multiply.

There are a number of other standard library function
that have a better type signature now; we have been able to
verify all of them. Here are some examples:
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flatten:
II (m :: Dim, n :: Dim, @c :: Shp)
[t (++ [m n] @c)] ->
[t (++ [(m * n)] @c)]

unravel:
II(m :: Dim, n :: Dim, @c :: Shp)
[t (++ [(* m n)] Q)] —>
[t (++ [m n] @c)]

indices-of':
II (@s :: Shp) [int (++ @s [(rank @s)1)1)

// Defined over a shape instead of a dim:
reduce:
II (ec :: Shp, @fr :: { @s : Shp | (< 0 @s) })
([t ec] -> [t ec] -> [t ecl) —>
[t (++ @fr @c)] —>
[t ec]

6.2 Machine Learning

YOLOv1. YOLOv1 [Redmon et al. 2016] is a well-known
convolutional neural network. It is one of the motivations
for this work, since the Remora implementation contained
many awkward patterns and array shapes that could not be
specified with the standard Remora types, forcing the use
of existential types. There are some interesting refinements
we found for convolution: (1) the rank of the input and the
filter arrays must be the same (2) the filter’s size must be
at most the size of the padded image, (3) the stride must be
non-zero (because of division), and (4) depending on use
case, we might want the padded input to be divisible by the
stride to avoid dropping any data.

Maximum pooling has a very similar refined type, since at
its core it is a computation very similar to convolution (i.e.,
partition the input into windows and do some per-window
operation). Thus, all the refinements for convolutions that
do not involve weights apply to max pooling layers as well.
The one extra refinement required here is @k > @ since
max does not have an identity element. There is one more
refinement that might be useful here — divisibility, which
can be expressed asd = (d / k) * k. We use integer
division (since our domain are integers), sod = (d / k) *
k is the same as d mod k = @. This constraint ensures no
data is dropped from mismatched dimensions. Other layers
do not have interesting invariants to turn into constraints,
but they do use operations such as multiplication in the type.

Other computational kernels. The other interesting ker-
nels we tried are ViT (Vision Transformer) Patch Embedding
and softmax. Patch embedding is similar to convolution and
max pooling, due to its use of strided windows. The main
difference is that it requires the input array’s shape to be
cleanly divisible into a number of patches and that it does
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not do any sort of padding. So stride is not a parameter, but a
computed value n/patch. Softmax is simpler, only requiring
the input to have at least 2 elements.

6.3 Performance

We have tested the type checker on a number of test cases,
as described in the previous sections. For full list, look at the
artifact for this paper, in the examples/ directory.

For all real world examples, such as convolution, max
pooling, etc., the type checker terminates instantaneously.
As we mentioned before, the new type system is not decid-
able. There are many simple programs on which the SMT
solver would not terminate, although most of the ones we
have encountered seem contrived. One such example is the
following program, (in the s-expression format the actual
compiler uses as an internal syntax).

(env ; variables available in the expr
(idx @aa { @ :: Shp | (=@ 1) })
(idx @b { @ :: Shp | (and (= @s 1)
(= (rank @s)
(rank @aa)))})
(term v (A Float @aa)))
(result (A Float @ab))
v ; expression to type check

This is a simple file format we use for test cases. An env
is a list of pairs of either terms and types (such as v and (A
Float @aa)) or indices and their kinds (such as @aa and {@s

Shp| (= @s 1)}). The expression should have the type
specified in result field. The only check is the equality of
shapes @aa and @ab. @aa is a list of natural numbers of some
length where each element is equal to one. @ab is also a list
of natural numbers that is the same length as @aa, and where
each element is also equal to one. The two lists are the same:
the length is the same, and all the elements are equal to one.

Z3 times out on this simple program. Why? There are five
constraints in this example: (1, 2) each element in both lists is
non-negative, (3, 4) each element in both lists is equal to one,
(5) the length of the two lists are equal. Constraints 1-4 get
encoded asa foldr and true ..., andin the case of the sbv
library, this is further transformed into a recursive function.
We are not sure why this is happening, but Z3 cannot reason
well about equality of lists constructed through recursive
functions. Our best guess, currently, is that Z3 is trying to
brute force the solution, and it is not working since the length
is arbitrary. This is supported by the fact that if the length of
@aa is capped at 5, Z3 terminates instantly, and as the cap on
length increases, the execution time becomes longer (0.1ms
for 5, 0.8ms for 15, 6.6s for 25, 25.5s for 35, 161s for 55, 4590s
for 100). This can be avoided by constraining the two shapes
either to be equal to each other, or, better still, using only
one of the shapes.
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7 Related Work

Array Programming Languages. The rank-polymorphic
array-programming model originated with Iverson’s APL [Iver-
son 1962], and its successor J. These languages are dynami-
cally typed, so checks on array shapes must be implemented
as run-time tests. The language R is similarly dynamic; there
have been efforts to develop a dependent type system for
R [Wrenn et al. 2023]. Julia is a popular language for sci-
entific computation, but there has not been an effort to
add refinement types to it (either through a library, or lan-
guage/compiler extensions). Array libraries, such as NumPy,
verify invariants by doing runtime checks in the absence of
shape types. This approach is more fragile since developer
errors aren’t caught at compile time. Haskell’s Accelerate
library [Chakravarty et al. 2011] only statically tracks the
rank of array shapes, not the actual dimensions, due to ab-
sence of dependent types. Futhark [Henriksen 2017] has a
much richer language for dimensions, allowing arbitrary
dimension computation in the type with two stipulations: it
has 164 type and the type checker will try to do the checks
at compile-time but will produce runtime checks if it can-
not [Henriksen and Elsman 2021]. The difference is that
Futhark can only talk about dimension variables and not
shape variables. Another language in this general space is
Dex [Paszke et al. 2021]. Dex uses a dependent type sys-
tem to express array shapes and dimensions, but its system
does not admit any type polymorphism, so one cannot write
functions over arbitrary dimension/shape.

Refinement Types. Refinement types are a long-standing
area of research. Early work is due to Freeman [Freeman and
Pfenning 1991], the goal of which was to allow recognizing
certain instances of a recursive type (such as singleton lists
as a subtype of all lists). This used purely built-in type mech-
anisms for checking and did not use any SMT solvers. Liquid-
Haskell [Vazou et al. 2014a] is a language extension adding
“liquid” types to Haskell. Liquid types (Logically Qualified
Data Types) is a design that admits limited dependent and
refinement types, but in a restricted way such that local infer-
ence is still decidable. It does not have an n-dimensional array
type, so the only way to directly encode them is through
nested lists which limits the programmer to arrays of specific
rank.

PyTorch and NumPy. PyTorch and NumPy are popular
Python libraries for building machine-learning and other
array-processing applications. There are three main differ-
ences between these libraries and the Remora language. The
first one is that Remora is statically typed. The main benefit
here is that, in Remora, array shapes drive parallelism, so the
shape types expose parallelism to the compiler; In Python,
this must be deferred to runtime. Also, Python’s asserts are
for a single input, not a proof for all possible inputs: this

Vadym Matviichuk and Olin Shivers

mechanism is on the wrong side of the “von Neumann bot-
tleneck” PyTorch has more flexibility with dimensions with
a feature called Dynamic Shapes. It uses symbolic values
for dimensions to parameterize a network to work over dif-
ferent input sizes or parameters. This allows the system to
show that certain constraints hold for every possible assign-
ment to the integers — but it does not allow us to work with
arbitrary shapes. The second issue is that broadcasting is
not automatically done in the Python libraries. While all
the library primitives lift as we would expect them to, user-
defined functions needs to be vectorized manually, either
through a vectorize function call or a vectorize annota-
tion. Lastly, the mechanism for lifting and the mechanism
for broadcasting are different, although they serve a similar
purpose.

8 Future Work

Refinement Inference. Type inference is a popular tech-
nique that decreases burden on users by inferring (some of)
the type annotations. There are multiple published methods
on inferring refinements [Cosman and Jhala 2017; Pavlinovic
et al. 2021]. We did not implement inference for this system
for a number of reasons. The main one is that we would
need to do data-flow analysis to do the inference properly,
a non-trivial task outside the (current) scope of this work.
Beyond this extra complexity, however, we do not envision
any problems with inference, since for the most part, the
language is simple, and lifting can be expressed with map
(which is how Futhark implements lifting), which can be
inferred with the system mentioned earlier.

SMT encoding. The non-terminating example (Sec-
tion 6.3) can be proved using a simple proof by induction.
The solver’s failure is almost certainly due to suboptimal
SMT encoding. We would like to do a more thorough explo-
ration of SMT encodings to improve both performance and
expressivity.

9 Conclusion
We started this work based on two beliefs:

e The mechanism of refinement types is well-suited to
the task of describing array shapes and related con-
straints in an extensible way.

e The computational difficulties of proving theorems
specifically about the array shapes in real-world pro-
grams, using modern decision systems, should be
tractable.

As shown by the practical and theoretical results, those
beliefs seem to hold when applied to practical programs.
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Appendix A Semantics for Refined Remora
A.1 Type System

Vie{l...m}.T;Iva;:7 m=1I(n...)
E-ARr
I;I+(array(n...)a;...am): A7 (Shpn...)
Vie{l...m}.T;Ire:AT0O m=I(n...)
E-Fr

T;1+ (frame (n...)e;...en) AT ((Shpn...) ++0)

’
x:tarlte:t,,
A-Fun

/7
LIk Ax : Tarr - €2 (Tarr = Topy)

[ilre :A(AT 00 > ATy 0p) Of
i1k ep: Aty (0q t+07)

op,=0,U0 I+o1=o0]

b ¢ ! ! ! E-Arp

I;Ikee;: ATy (0, ++0)
LiLaczkbre: g,

A-TFun
TiltAda s k.e:MMa:k. tg,
iire:A(Ila:k.ATo) oy

Iroek T;Irk <k
E-IArp

Lilre:Ar[i/al (o ++o[i/al)
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A.2 Operational Semantics

Ele] — E[€']

E[(frame (%) (array (m)o,)...)] — (Br)
E[(array (nm) o, ...)]
E[(array () Ax : 7.e) v] — E[e[v/x]] (p)
if-ro:7
E[(array () f) o] — (Bs)

E[(frame (%) ((array () f;) oi))]
where - -0 : A 7 ((Shp ) ++ 0)
‘kfitAto o T,
(0;) = Split(ov, @)
El(array (7}) f) (array (m, ) @) = (Br)
El(array () f;) (array (7 7) )]
where (j—‘:) = Replicate(]—g, [1. nf, np)
(a7) =Replicate(d, 7, nf, np)
n, = (Shp ny) U (Shp ng)
“Ff:Ar(Shp W) > ¢

E[(array () Aa :: k. e) 1] — E[e[t/a]] (B
if-Fi1<:k
El(array (%) f) 1] — (B%)

E[(frame (7) ((array () f) 1))]
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